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ABSTRACT 
Let 
TZ”(Xl>..., X2”-1; x2,,):= c (-w%(l) ... ~42”)~ 
UC%” 
o-‘(zn)- 1.8 (mod4 
p2, the symmetric group on 2n objects and (- 1)” the sign of the permutation u. 
We introduce the Razmyslov transformation for weak identities and use it to show that 
T,,(x,, , r2”_r; y) = 0 for arbitrary n X n symmetric matrices xi and n X n 
matrix y. This result sharpens results due to Ma and Racine. 
0. INTRODUCTION 
Let F be a field, and F[ X ] denote the free associative algebra over F 
with generators X = (xi, x2, . . }. Let M, denote the n X n matrix algebra 
with coefficients in the field F, and H, (respectively K,) denote the 
subspace of symmetric (respectively skew symmetric) matrices of M,. 
In 1973, Razmyslov [4] introduced the concept of weak identities; namely, 
if V is a subspace of an associative algebra A over a field F, a polynomial 
f E F[X] is a weak identity on V if f(al, a2,. . . , a,) = 0 for any 
a,,a, ,..., a,EV. 
In [3], M. L. Racine and I have determined all the weak identities of 
minimal degree for the subspace H, of symmetric matrices of the full matrix 
algebra M,. We proved: 
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THEOREM 1 [3]. Let F be a field of arbitrary charac-ceristic. For all n > 
1, the polynomial Tz,(xl, x2,. . ; xZn) is a weak identity on H,,. 
In the present paper, we introduce the concept of the Razmyslov transfor- 
mation for weak identities and use it to show 
THEOREM 2. T,,(x,, . , xZn_ 1; y> = 0 for all xi E H,, and y E M,. 
Throughout the paper F always denotes a field. The polynomials are in 
the noncommuting free associative algebra F[ X], where X is a set of 
countable noncommuting indeterminates x 1, x2,... 
1. THE RAZMYSLOV TRANSFORMATION 
In this section, we introduce the Razmyslov transformation of weak 
identities and prove some useful propositions. 
DEFINITION 1. Let f<x,, . , x,,; y) be a homogeneous polynomial of 
degree one in y. If 
then following [2] we define 
f#(Y) := Ch,Y& 
which is called the Razmyslov transform of f with respect to y 
We also introduce the concept of mixed weak identity. 
DEFINITION 2. Let f(x,, , x7,,; y ) be a homogeneous polynomial of 
degree one in y. If f(x,, . , x,,; y> = 0 for x1,. . , x, E H, and y E K,, 
then f is called a mixed weak identity on H,. 
Similar to Lemma 2.2 of [3] we have 
PROPOSITION 1. Letf(x,, x2,. . ; x,,,) be a multilinear mixed weak iden- 
tity on H,,, and f = f, x,,, x,,,_ , + fi xi xi + N , where N denotes the sum of 
the termsoffwhichdonot end inx,,x,,_, orxix. fori,j z m. Thenf2 isa 
mixed weak identity on H,,- 1, and fi is a weak identity of H,,_,. 
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Proof. We show that fi( x1, , x,_ 2> is a weak identity on H,- 1. For, 
if it is not, then there exist a,, , a,_ 2 E H, _ , such that 
fi(al,.” , a,a-2) = aejj + A, 
where eij denotes the usual matrix unit, (Y z 0, eji does not occur in the 
matrix A, and A E H,_ 1. Let x,, = ej,, - IZ,,~ and x,,, i = en,, Then 
f(ui, . , , am_2, x,,,_ i, x,,,) = 0 implies that 
fi(q>. > a,_,)x,,r,,_, + B = 0. 
But 
fi(Ul>. . . , u,_,)x,,x,,,-1 + B = aein + C, 
with CY # 0, and e,, does not occur in the matrix C because x,,uk = ak x,, = 
0 for k = 1, , m - 2. This is a contradiction. Thus fi is a weak identity of 
H TLP 1' 
Using the same argument we can show that fi is a mixed weak identity of 
K- 1’ n 
In following, * is the involution on F[X] defined by xi* := xi for 
i = 1,2, . . . From the definition of the Razmyslov transformation one can 
show 
PROPOSITION 2. Letf E FIX] b e a homogeneous polynomial of degree 
one in y. 
1. Zff* = cf, h w ere E = +l, then [f#(y)]* = cf#(y). 
2. Zf charF z 2 and f * = f, then f is a weak identity (mixed weak 
identity) on H,L iflf#( y) is u weak identity (mixed weak identity) on H,. 
3. Zf charF # 2 and f * = -f, then f is a weak identity on H, ifff #( y> 
is a mixed weak identity on H,. 
Proof. Let f = C,g, yhi; then f* = Cihi*ygi* and f#(y) = C,h, ygi. 
Thus f* = &f implies that <f*>“< y> = kf#(y), that is, C,g,*yh,* = 
+Cihiygi. However, [f#(y)]* = Cjgi*yhi* = (f*)#(y>. So [f#(y)]* = 
-+-f”< y). 
To prove parts 2 and 3 of the proposition we use the fact that if A is an 
n X n symmetric (skew symmetric) matrix then A = 0 iff the trace of AB is 
zero for every B E H,, (B E K,). We also note that if f(x,, . . , x,,,, y) is a 
*-symmetric homogeneous polynomial of degree one in y and x , , , x 1,, E 
K, y E K,, then fCxl,. . . , x,, y> E K,,. 
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Let j-(x1,. . , x,, y> be a *-symmetric homogeneous polynomial of de- 
gree one in y. If 
f = C&Y&. 
then 
f#(Y> = ChiYgi 
and f#(y) is * -symmetric by part 1 of Proposition 2. So 
f”(x ,,.‘., x,,,y)EK,,, vx ,,“‘, x,,,EH,,, VyEK,. 
Thus denoting by T the trace of a matrix, Vx,, , x,,, E H, and V y E K,, 
we have 
f”(x ,,..., x,,y) = 0 - T(f#(x I,.. .,x,,,, y)B) = 0 VB> y E K,, 
- zT(h,yg,B) = 0 VB, y E K, 
- CT(giBhiy) = 0 VB, y E K, 
- T((+B+) =O VB, Y EK, 
- f(x,,...,x,n,B)=O VX~,...,~,,EH,, 
VB E K,. 
The rest of the proposition can be proved by using the same argument. N 
2. THE PROOF OF THEOREM 2 
From the definition of T,,, 
= c (-1)y -l)i+LX,(l) ... x,(i-l)(;x,(i) ... X,(Zn- 1)' 
~=%,e I 
i=1,2(mod4) 
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Since T,, is linear in y and a weak identity on H, by [3], it suffices to show 
that T,, is a mxied weak identity on H,. 
Let eij be the usual matrix unit. The set {ejj + ej,, e,,ll < i <j < n, 
1 < k < n) is a basis of H,. The set {ejj - ej,, ekkjl < i <j < n, 1 < k < n) 
is a basis of K, if char F = 2, and the set {eij - ejill < i < j < n} is a basis 
of K, if char F # 2. Since T,, is multilinear, it is a mixed weak identity on 
H, in an arbitrary characteristic iff it is zero for every substitution from a 
given basis of H, and a given basis of K,. In any case, the basis above 
belongs to H,(Z) or to K,(Z) respectively, where 2 is the ring of integers. 
So, it suffices to prove the T,, is a mixed weak identity on H, for F of 
characteristic zero. 
If n is odd, then Tzn is *-skew symmetric. Indeed, 
(i) 
'o(i-1) Y xu(i) ... xr7(2n-1) 1 * 
(2n-ifl) 
. . 
‘w(i) Y ‘u(ibl) “’ xcr(l) 
T,,( ~1,. , ~2n-1; y>* 
= 2; (-1)w’+‘(~~(1, . . 
2n-l 
i=l,2(mod4) 
c (-lr(-l)i+1%(2”pl) 
rsqDZn - I 
i-1,2(mod4) 
c (-l)U( _q+1+n-1 
fl&Lx” 1 
i=l,2(mod4) 
(2n-i+ 1) 
XX (T(1) ... ‘cr(2n-i) Y ‘c7(2npi+l) ... ‘v(2n-1) 
= c ( -l)(T( -l)j+l 
@C%“_ I 
i=1,2(mod4) 
C2n-i+l) 
XX (T(1) ... ‘w(Zn-i) Y ‘v(2n-i+l) “* ‘c(Zn-1)7 
since when n is odd, n - 1 is even. On the other hand, n = 2m + 1 implies 
that 2n + 1 - i = 4m - i + 3 and 
2n+l-i= 
2 (mod 4) if i = l(mod4) 
1 (mod4) if i = 2(mod4). 
(1) 
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(2n-ifl) 
Xa(l) ... ‘cr(Prs-i) Y *,(z,l-i+l) ... X,(Zn- 1) 
is a term of T,,, and has opposite sign by the definition of T2,, So T2,, is 
*-skew symmetric. Since T2,, is a weak identity, T,f, is a mixed weak identity 
by part 3 of Proposition 2. However, 
TdX1,.‘.> x2,-1; Y>“( Y> 
Lx= c ( -l)(T( -l)i+lxrr(i) ... Xn(2._,)(2n;+‘)x,(l) **. x,(i_l  
aeY;,t - I 
i=l,2(mod4) 
x (2n-i+‘) Y ‘m(Zn-i+l) --- X,(2,,- I) 
= C ( - l>a( -l)i+lXrr(l) ‘.’ 'c7(2n-i) 
yeah I 
i-1,2(mod4) 
@n-i+ 1) 
x Y X,(2,,-i+l) -*. X,(Zn-1) 
= -T,,(x,,...,x,,,-1;y) 
from the last equation. Therefore T2,, is also a mixed weak identity if n is 
odd. 
If n is even then n + 1 is odd, so T,,,, ,) is a mixed weak identity. 
However. 
T (X1,...’ Z(n+l) ~2,,+~; y) = T,,(x,>. > XZ~-I; Y)XZ,,XZ~+I + - 7 
from [3]. Hence T,, is a mixed identity by Proposition 1, proving the 
theorem. 
It might be worthwhile to note that since 
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is an identity on M,, 
is also a mixed weak identity on H,,. 
Theorem 2 sharpens the results in [3], especially the graph-theoretic 
interpretation of the results. 
Let (V, E) be a finite graph with vertices V = (II,, . . . , II,} and (undi- 
rected) edges E = {wl . , wr}, r > 2n, in an arbitrary but fixed ordering. 
Then unicursal paths correspond to permutations (T E Yr, where the path is 
%(l) *** %(r, = p,. Define .s( ~~1 to be (- 1)“. Choose a distinguished 
edge wi. Then for any two fixed vertices ~3, uk let qr be the paths from uj to 
uk with wi in the positions which are congruent to 1 or 2 module 4. Theorem 
5 in 131 said that the number of the paths qU with E(q,) = 1 is equal to the 
number of paths q,, with &(q,) = - 1. In fact, if we direct wi, then the 
paths qm with E(q,) = 1 are divided into two classes depending on the 
direction of wi (that is, the edge wi is one way), as are the paths qg with 
E(q,) = - 1 also. We have 
THEOREM 3. The number of paths qn with E(q,) = 1 and the same 
direction of the wi is equal to the number of paths qW with E(q,) = - 1 and 
the same direction of the wi. 
The results of this paper are part of the author’s dissertation at the 
University of Ottawa. The author is grateful to his advisor Professor M. L. 
Racine and to Professor E. Neherfor their helpful suggestions and comments. 
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